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Abstract. In this paper, we classify Fano fourfolds whose the second exterior power of 
, tangent bundles are numerically effective with Picard number greater than one. 
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Introduction 



In the paper [7J, F. Campana and T. Peternell classify smooth projective threefolds 
whose the second exterior power of tangent bundle A 2 Tx are numerically effective ("nef 
"). Manifolds satisfying this condition is rare in manifolds whose anticanonical divisor is 
nef. Such threefolds follows. 



Theorem 0.1 ([7], Theorem). Let X be a projective 3-fold with A 2 Tx nef. Then either 
7~x is nef or X is one of the following. 

(1) X is a blowing-up ofF 3 at a point. 

(2) X is a Fano 3-fold of index 2 and b2(X) = 1 except for those of degree 1, which 
\ are exactly those arising as certain double covers of the Veronese cone in P 6 . 

7— I [ 

CN ■ As a first step of classifying 4-folds with this condition, we treat the case where X is 

Fano 4-folds with Picard number p(X) at least 2 in this paper. We get the following 
theorem. 

X: 

Main Theorem 0.2. Let X be a Fano 4-fold with p(X) ^ 2. Assume that A 2 Tx is 
nef. Then X is the blowing-up of P 4 at a point unless Tx is nef . 

There is a problem about criterion of nefness of A q Tx by Campana-Peternell. 

Problem 0.3 ([7J, Problem 6.4). Let X be a Fano manifold. Assume that A q Tx is nef 
on every extremal rational curve. Is then A q Tx already nef ? 

In the proof of main theorem we can see the following theorem also holds. 

Theorem 0.4. Let X be a Fano 4-fold with p(X) ^ 2. Assume that A 2 Tx is nef on 
every extremal rational curves in X. Then A 2 Tx is nef. 
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Notation 

Throughout this paper we work over the complex number field C. We freely use the 
customary terminology in algebraic geometry. For the simplicity 0(a) means the line 
bundle 0(l)® a . We denote the Picard number of a variety X by p(X). We say that an 
extremal contraction is of (m, n)-type if the dimension of the exceptional locus is equal 
to m and the dimension of the image of the exceptional locus is equal to n. 



1. General Result 
Let X be a smooth n-dimensional projective variety with A r Tx nef for some integer r, 
1 ^ r ^ n. Since det(A r 7x) = — I )Kx, the nefness of —K x implies that Kodaira 



x r ~~ 1, 

dimension of X is non-positive k(X) ^ 0. In this section we classify the case where 
k(X) = 0. Main theorem of this section is the following. 

Theorem 1.1. Let X be a smooth projective n-dimensional variety with nef vector 
bundle A r 7x (1 ^ r ^ n — 1) and k(X) = 0. Then after taking some etale covering 
f : X X , X is isomorphic to an abelian variety. 

Proof. If r = 1, this is proved in [5], Theorem 2.3. Therefore we assume that r ^ 1. 
By the nefness of — Kx and k(X) = 0, we know that the canonical line bundle Kx is a 
torsion line bundle. Therefore by taking some etale covering of X, we may assume that 
Kx is trivial. From the existence of Kahler-Einstein metric on X, we know that Tx is 
H-semistable with respect to any ample divisor H. On the other hand, A r Tx is nef vector 
bundle with trivial determinant. Hence A r Tx is a numerically flat vector bundle i.e. A r 7^ 
is also nef. Therefore we can show that every Chern class of A r 7x are numerical trivial. 
In particular we have 

c 1 (A r Tx).^ 1 = -( H ~ l AK x .H n ~ l = 



and 



r — 1 



c 2 {VT x ).H^ = {{%\{X) + ( U r _ f)c 2 (X)}.^- 2 = 0, 



fn — 1\ 

where d = I . By the triviality of Kx, we have the equality C2(X).H n ~ 2 = 0. Since 

\r-lj 

Tx is H-semistable, C\(X) = and C2(X).H n 2 = 0, Tx is numerically flat. Therefore 
from theorem 2.3 in [6], we have an etale covering / : X — > X such that X is isomorphic 
to an abelian variety. □ 



SECOND EXTERIOR POWER OF TANGENT BUNDLES OF FANO FOURFOLDS 3 

By the theorem above, we have only to consider the case where k(X) = — oo. This case 
is more difficult than the former one. In the rest of this paper we treat the case where X 
is a Fano 4-fold with p(A) ^ 2. 

2. Proof of Main Theorem 

At first we consider the case where A is obtained by a blowing-up of smooth variety 
along smooth subvariety. 

Lemma 2.1. Let X be an n- dimensional smooth Fano manifold. We assume that X is 
obtained by blowing-up of a smooth manifold Y along a smooth subvariety Z. If A 2 7x is 
nef, then Y is the projective space P™ and Z is a point. 

Proof. At first we consider the case where dimZ ^ 1. Let E = F Z (N^ Y ) be the 
exceptional divisor of the blowing-up <ft : X = BlziY) — y Y. Let F be a general fiber of 
4>\e- Then we have an exact sequence 

N F/E N F/X -> N E/X \ F -»> 0. 

Hence we get 

A 2 N F/X -> N E/X \ F <g> N F/E -»■ 0. 

Combining this with the homomorphism A 2 Tx\f ~^ A 2 N F /x 0, we obtain the surjective 
homomorphism of vector bundles 

A 2 T x \f N e/x \f ® N F/E -»■ 0. 

We put c = n - 1 - dimZ. Since F = P c and N E/X \ F <8> N F/E = £>® c (-l) is not nef, we 
know that A 2 Tx is not nef. 

Next we consider the case where dimZ = 0. It followes from the argument in [5] 
Theorem 1.1. For the convenience we write the argument. In this case there exists an 
extremal rational curve C such that E.C > 0. In fact there is a curve C such that 
C'.E > because E is effective. Since X is Fano, C is a linear combination of extremal 
rational curves with non- negative real coefficient. Hence one of extremal rational curves 
C such that C.E > 0. We consider the contraction map <p : X — )• W associated with 
C. Then nontrivial fibers are one dimensional. Therefore from Theorem [lj and first 
part of this proof, if is conic bundle which turn to be P 1 -bundle by Lemma [2T9l Since 
ip\ E : E = P™ -1 — y W is finite surjective map, Y is isomorphic to P n_1 by Theorem 12.21 
Therefore E is a section of ip and A is a projectivization of rank 2 vector bundle. We 
set A = Fw(E). Take a line / C W. Restrict the P 1 -bundle to I we have a Hirzebruch 
surface Pj(£|j) is isomorphic to P P i(C P i © ¥ i(l)). Hence A = P P n-i(C P „-i © C P „-i(l)) 
which is a blowing-up of P" at a point. Finally we show that A 2 7x is nef. Let 7r : 
Ppn-i(Opn-i © Opn-i(l)) —> P™ -1 be the natural projection. Then we have the following 
exact sequence 

O^Ttt^Tx^ vr*7i>n-i 0. 
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Therefore we get the exact sequence 

0^7;® vr*7^-i -> A 2 T X -> vr*A 2 7^n-i -> 0. 

Let £ be the tautological line bundle on Ppn-i(O pn -i © pn-i(l)). Since 7^ ® 7T*Tpn-i = 
2£ (g) 7r*7pn-i (— 1) is nef, A 2 7x is also nef. □ 

Theorem 2.2 ([15], Theorem 4.1). Let X be a smooth projective variety of dimension 
^ 1, and let 

f : P n — ► X 

be a surjective map. Then X = P n . 

Theorem 2.3 (PQ, Theorem 2.3). Let / : X — > K be an elementary contraction on a 
smooth variety. Assume that the dimension of a fiber of f is at most one. If dimf(E) = 
dimE — 1 = n — 2 and is equi- dimensional then both Y and f(E) are non-singular, 
and moreover f : X —>Y is the blowing-up along the smooth center f(E). 

Theorem 2.4 ([TJ, Theorem 3.1). Let f : X — > Y be an elementary contraction on a 
smooth variety. Assume that the dimension of a fiber of f is at most one. IfdimY = n — 1 
and f is equi- dimensional then Y is non-singular and f induces a conic bundle structure 
on X . 

We begin the proof of main theorem. 

2.1. (2,0)-type. In this subsection we consider the case where X has a (2, 0)-type ex- 
tremal contraction. 

Theorem 2.5. Let X be a Fano fourfold with (2,0) -type contraction. Then A 2 Tx is 
not nef. 

To show this, we use the following theorem due to Kawamata. 

Theorem 2.6 (|14j. Theorem 1.1). LetX be a non-singular projective variety of dimen- 
sion four defined over C, and let f : X -^-Y be a small elementary contraction. Then the 
exceptional locus of f is a disjoint union of its irreducible components E$ (i = 1, • • • , n) 
such that Ei = P 2 and N E ./ X — Op2(— l)® 2 , where N denotes the normal bundle. 

Proof of Theorem \2.h\ Let / : X — > Y be the (2, 0)-type contraction and E an irreducible 
component of the exceptional locus of /. Then by Theorem 12.61 we have E = P 2 and 
Ne/x — Cp 2 (— l)® 2 - From the exact sequence 

0^T e ^Tx\e^N e/x ^Q, 

we have a surjective homomorphism of vector bundles 

A 2 T x \e^ A 2 N e/x ->0. 

Since A 2 N E /x = Op* (-2) is not nef, A 2 T X is not nef. □ 
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2.2. (3,2)-type. In this subsection we consider the case where X has a (3, 2)-type ex- 
tremal contraction. 

Theorem 2.7. Let X be a Fano fourfold with (3, 2) -type contraction. Then A 2 7~x is 
not nef. 

To show this, we use the following theorem due to Ando. 

THEOREM 2.8 (p], Lemmal.5 and Lemma2.2). Letip : X — >■ Z be a Fano-Mori contrac- 
tion of a smooth variety. Suppose that a fiber F of if contains an irreducible component of 
dimension 1; then F is of pure dimension 1 and all component of F are smooth rational 
curves. If ip is birational then F is irreducible and it is a line with respect to —Kx- 

Proof. By Theorem 12.81 we have a curve C such that —Kx-C = 1. If A 2 Tx is nef, this 
contradicts to Lemma [2. 91 □ 

Lemma 2.9. Let X be a smooth n- dimensional projective manifold with nef vector bundle 
A 2 T X . For any rational curve C in X, we have —Kx-C ^ 2. 

Proof. Let v : P 1 ->■ C be the normalization. We set u*T x = Opi(ai) © F i(a 2 ) © 
■ ■ • © O-pi (a n ) where a± ^ a 2 ^ ■ ■ • ^ a n . We have a\ ^ 2 and —Kx-C = a\ + a 2 + ■ ■ ■ + a n . 
Since A 2 Tx is nef, we obtain a n _i + a n ^ 0. In particular we have a„_i ^ 0. Hence we 
get -K x -C = ai + (a 2 + a 3 H h a„_ 2 ) + (a n -i + o n ) ^2. □ 

2.3. (3,l)-type. In this subsection we consider the case where X has a (3, l)-type ex- 
tremal contraction. 

THEOREM 2.10. Let X be a Fano fourfold with (3, l)-type contraction. Then A 2 Tx is 
not nef. 

To show this, we use the following theorem due to Takagi. 

Theorem 2.11 ([18], Main Theorem and Theorem 1.1). Let X be a smooth 4-fold and 
let f : X — >■ y be a contraction of an extremal ray of (3, l)-type. Let E be the exceptional 
divisor of f and C := f{E). Then 

(1) C is a smooth curve ; 

(2) f\n : E — >■ C is a F 2 -bundle or a quadric bundle over C without multiple fibers ; 

(3) / is the blowing-up of Y along C ; 

(4) Let F be a general fiber of f\ E : E ^C. Then (F, —K X \F) = (P 2 , 0^(1)), (P 2 ,C p2 (2)), 
(P 1 x P 1 , O p i(1) ® Ppx(l)) or (F 2i0 , Op3(1)|f 3i0 ). 

Proof of Theorem \2.1(A Let / : X — > Y be the (3, l)-type contraction, E the exceptional 
locus of / and F a general fiber of f\ E - Then by Theorem 12 . 1 1 1 we have (F, —Kx\F) = 
(P 2 ,O p2 (l)), (P 2 ,O p2 (2)), (PxF^plljSOp^l)) or (F 2iQ ,O p3 (l)| F2]0 ). Except for the 
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second case, we have a rational curve C in F such that —Kx-C = 1. In these cases A 2 7x 
is not nef by Lemma 12.91 From the exact sequence 

-> Te -> Tx\e -> N E /x -> 0, 

we have the surjective homomorphism of vector bundles A 2 Tx\e — > A 2 N E / X 0. Since 
A 2 N E/X = £> p2 (-2) is not nef, A 2 T X is not nef. If (F, -K X \F) = (P 2 , O p2 (2)) then X is 
the blowing-up of smooth manifold Y along smooth curve C. Hence A 2 7x is not nef by 
Lemma 12.11 □ 

2.4. (3,0)-type. In this subsection we consider the case where X has a (3, 0)-type ex- 
tremal contraction. 

Theorem 2.12. Let X be a Fano fourfold with (3,0)-type contraction. If A 2 Fx is nef, 
then X is a blowing-up of the projective space P n at a point. 

To show this, we use following theorems. 

Theorem 2.13 (p], Theorem 2.1). Let X be a smooth projective manifold of dimension 
n. Let f : X — > Y be an extremal contraction and E the exceptional locus of f . Assume 
that dimE = n — 1. Let F be a general fiber of f E : E — )■ f(E). Then there exists a 
Cartier divisor L on X such that 

(1) ImiPicX —tPicF) = r L[L\ E \ and L\p is ample on F ; 

(2) F (-K X ) = F (pL) and O f (-E) = Op(qL) for some p,qeN. 

Theorem 2.14 ([3], Proposition 2.4 and [9]). Let X be a smooth 4-fold whose canonical 
bundle is not nef. Let <p : X — >■ Y be a contraction of an extremal ray. If <p contracts 
an effective divisor E to a point, then E is isomorphic to either P 3 , a ( possibly singular) 
hyperquadric or a (possibly non-normal) Del Pezzo variety. 

Theorem 2.15 ([13], Theorem 5.14 and Remark 5.15). Let X be a projective variety 
with at most locally complete intersection singularities. Then there is a rational curve C 
on X such that —Kx-C ^ dimX + 1. 

Proof of Theorem \2.1B. Let E be the exceptional divisor on X. Since E is a Cartier divisor 
on smooth manifold X, E is a locally complete intersection variety. E is Fano by Theo- 
rer d2.14[ By Theorer d2.15l we have a rational curve C in E such that < —Kp.C ^ 4. 
Since 

-K E .C = -K X .C - E.C > 2 + 1 ^ 3, 

we have -K E .C = 3 or 4. If -K E .C = 3, then we get -K X .C = 2 and -E.C = 1. 
By Lemma 12.161 this case does not occur. Hence we have —K E .C = 4. In this case if 
—Kx-C = 2, then it is contradiction by Lemma [2.161 Therefore —Kx-C = 3, —E.C = 1. 
In this case by Theorem 12.31 and Theorem 12.141 we have E = P 3 and N E /x — 0^(— 1). 
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Therefore X is a blowing-up of smooth manifold Y at a point. By Lemma 12.11 we have 
Y = P 4 and complete the proof. □ 

Lemma 2.16. Let X be a smooth variety with nef vector bundle A 2 7x- Let C be an 
extremal rational curve in X such that —Kx-C = 2. Then the contraction map (p : X — >■ Y 
is F 1 -bundle over a smooth variety Y and C is in a fiber of (p. 

Proof. Let v : P 1 — > C C X be the normalization. Let H be an irreducible component 
of the Horn scheme Hom^F 1 , X) containing the morphism v. In this case h*Tx — £V (2) © 
Opx for all h G H by Lemma 12.171 Then dim H = n + 2 and H is smooth. Let G be 
Aut(P 1 ). Since the natural action of G on ifom(P 1 , X) induces the free action a of G on 
the connected component containing H and, consequently, on H: 

a : G x H — > H, a(g, h)x = h(g' 1 x),g G G, h G H, x G P 1 , 

G also acts on H x P 1 as follows: 

r-.GxHxF 1 — > H x¥\ r(g, h, x) = {a{g, h),gx),g G G,h G H,x G P 1 . 

Let Chow d X be the Chow variety parametrizing 1-dimensional effective cycles C of X 
with (C. — Kx) = d. Then we have a morphism a : H — > Chow 2 X. Let Y be the 
normalization Y — > a(H) of the closure a(H) of a(H)(c Chow 2 X) in the field k(H) G of 
the G-invariant rational function on H. Then (Y, T) is the geometric quotient r : H — > Y 
of H by G in the sense of Mumford and Y is smooth projective. We have also a G-invariant 
morphism: 

F :H x P 1 — >Y x X, F(h, x) = (T(h), h(x)), h G H, x G P 1 . 

Let Z = S'pecy x x[(-F*C > HxP 1 ) G ]- Then Z is the geometric quotient H x P 1 /G and is a 
P 1 -bundle q : Z — > Y in the etale topology, dim Z = n. Moreover the natural projection 
p : Z — > X is a smooth morphism from n-dimensional smooth variety to n-dimensional 
Fano variety. Therefore p is isomorphism. □ 

Lemma 2.17. Let X be a Fano fourfold with nef vector bundle A 2 Tx- Let C be a rational 
curve in X and v : P 1 — )■ C the normalization. If —Kx-C = 2, then v*Tx — Cpi(2)©(9p 1 . 

Proof. By easy computation. □ 

2.5. (4,l)-type. In this subsection we consider the case where X has only (4, l)-type 
contraction. 

Theorem 2.18. Let X be a Fano fourfold with only fiber type contraction and having a 
(4, l)-type contraction. IfA 2 Tx is nef, then X is isomorphic to the product of the projective 
line P 1 and smooth projective threefold Y with nef tangent bundle Ty ■ 

To show this, we use the following theorem. 
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Proposition 2.19 ( [23J , Proposition 2.2). Let f : X — »■ F fee a smooth morphism from 
a Fano manifold X. If every fiber of f is F d , then there exists a rank (d+ 1) vector bundle 
£ onY such that X = P y (£). 

Proof of Theorem \2.18\ . Let / : X — > C be a (4, l)-type contraction. Then C is isomorphic 
to P 1 . Let p : X — > Y be another contraction map of extremal ray. Then the dimension of 
a non-trivial fiber of p is one. By Theorem [231 we know that p is conic bundle. By Lemma 
12.91 and Theorem I2.19[ we have a rank 2 vector bundle £ on F such that p is the natural 
projection p : X = Py(£) — >■ F. Take a rational curve C" in F and put i/ : P 1 — > C 
its normalization. In this case we have a morphism of fiber type of Hirzebruch surface 
f\s : S = P P i(i/*£) -> C. Therefore Ppi(i/*£) = P 1 x P 1 . By theorem E2Ql we have that 
£ is trivial up to twist. Therefore we get X = Y x P 1 . We put projections p : X — > Y 
and q : X — > P 1 . By the nefness of 

A 2 Tx = A 2 (p*Ty) 0(p*Ty (g) g*T P i), 

we have the tangent bundle Ty is nef. □ 

Theorem 2.20 ([4], Theorem 1.1). Le£ £ be a vector bundle of rank r over a rationally 
connected smooth projective variety X over C such that for every morphism 

7 : P 1 — ► X, 

the pullback r )*£ is isomorphic to £(7)® r for some line bundle £(7)®** on P 1 . Then there 
is a line bundle ( over X such that £ = (® r . 

2.6. (4,2)-type. In this subsection we consider the case where X has only (4, 2)-type 
and (4, 3)-type contraction. If X has a (4, 3)-type contraction, we can show that it is 
P 1 -bundle. To show this, we use the following theorem. 

Theorem 2.21 ([12], Theorem 0.6). Let X be a 4- dimensional smooth projective vari- 
ety, R an extremal ray of X , and g : X — ?• F the contraction morphism associated to R. 
Assume that dimF = 3. Let E be a 2 -dimensional fiber of g. we call 

Ie{R) '■= min{(—K x -C)\C is an irreducible rational curve contained in E} 

the length of R at E. R is seen that Ie(R) = 1 or 2. Assume Ie{R) = 2. Then E is 
irreducible and is isomorphic to F 2 , Ne/x — ^pa(l) an d F is smooth at P. 

Lemma 2.22. Let X be a Fano fourfold with (4, 3) -type contraction (p : X — > Y. We 
assume that A 2 Tx is nef. Then cp is P 1 -bundle. 

Proof. If <p has a two dimensional fiber F, then by Theorem 12.211 we have F = P 2 
and Np/x — f2p 2 (l)- We get an exact sequence of vector bundles 

T x \f -+ N F/X = fij^l) ->• 0. 



SECOND EXTERIOR POWER OF TANGENT BUNDLES OF FANO FOURFOLDS 



<) 



Therefore we have the surjection 

A- 2 T x \f -> A 2 ^p 2 (l) = C P2 (-1) ->■ 0. 

This contradicts to the nefness of A 2 Tx- Hence tp is equidimensional. From Theorem 12.31 
and Lemma 12.9} we know that (p is P 1 -bundle. □ 

Theorem 2.23. Let X be a Fano fourfold with only (4, 2)-type and (4, 3)-type contrac- 
tion. We assume that X has a (4, 2) -type contraction and A 2 Tx is nef. Then Tx is 
nef. 

Proof. Let / : X — > S be a (4, 2)-type contraction. Then / is equi-dimensional and 
S is smooth. By lemma I2U1 and 12. 161 a general fiber of / is isomorphic to P 2 . By theorem 
12.241 and theorem 12. 191 there is a rank 3 vector bundle £ on S such that / is the projection 
Ti : X = Ps(£) — > S. From theorem 1.6 in [21], S is a del Pezzo surface. Since S cannot 
have a birational type contraction, S is isomorphic to P 2 or P 1 x P 1 . If X has another 
(4, 2)-type contraction then X is isomorphic to P 2 x P 2 by Theorem 12.261 If X has two 
(4, 3)-type contractions, X is isomorphic to P 2 x P 1 x P 1 by Theorem 12.261 If X has only 
one (4, 3)-type contraction, then we have p(X) = 2 by Theorem 12.251 Hence S is P 2 . By 
the list of rank 3 Fano bundle on P 2 , Theorem 14.21 such a case does not exist. Therefore 
we have a proof. □ 

Theorem 2.24 ([H], Theorem 1.3). Let X be a quasi-projective manifolds that admits 
an elementary contraction of fibre type (p : X — >■ Y onto a normal variety Y such that the 
general fibre has dimension d. Suppose that the contraction has length l(R) — d + l. If if 
is equidimensional, it is a projective bundle. 

Theorem 2.25 ([21], Theorem 2.2). Let a manifold X of dimension n admit k different 
contractions of different extremal rays. If by mi, i — 1, 2, • • • , k, we denote dimensions of 
images of these contractions, then 

k 

— m,i) ^ n. 

i=l 

Theorem 2.26 ([XT], Theoreml.l). A smooth complex projective variety X of dimension 
n is isomorphic to a product of projective spaces P n W x • • • x P n ( fe ) if and only if there exist 
k unsplit covering families of rational curves V 1 , ■ ■ ■ ,V k of degree n(l) + 1, • • • , n(k) + 1 
with Ys n (i) = n suc h that the numerical classes ofV 1 ,--- ,V k are linearly independent 
in iVi(X). 

2.7. (4,3)-type. In this subsection we consider the case where X has only (4, 3)-type 
contraction. 

Theorem 2.27. Let X be a Fano fourfold with only (A, 3) -type contraction. If A 2 Tx is 
nef, then Tx is nef. 
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Proof. If X has four (4, 3)-type contractions then X is isomorphic to P 1 x P 1 x P 1 x P 1 
by Theorem 12.261 and lemma [2791 

If X has three (4, 3)-type contractions then p(X) = 3 and there is a rank 2 vector 
bundle £ on a smooth Fano threefold Z with p[Z) = 2 such that X is isomorphic to 
7i : Pz(£) — > Z. By the surjection of vector bundles 

A 2 Tx->7r*(A 2 Tz)^0, 

we know that A 2 Tz is nef. Since X does not have a birational type contraction, we have 
Z is either P 1 x P 2 or P p2 (75>2) by theorem O and theorem [37J If Z is P 1 x P 2 ( resp., 
P p2 (7J>2) ), we have £\ c = 0£i(a) for every fiber C = P 1 of natural projection P 1 xP 2 -»■ P 2 
( resp., P P 2(7ip2) — >■ P 2 ) since 

2 = -ir z .C = -K X .C + (a 2 - ai) > 2 + (a 2 - a x ) 

where C is an extremal rational curve on X associated with C and £\c — Opi (ai) ©Opi (0,2) 
( ai ^ 02 )■ Therefore there is a rank 2 Fano bundle £' on P 2 such that £ is the pullback 
of £' by the natural projection ix : Z — >• P 2 up to twist by a line bundle. X is isomorphic 
to P 1 x Pp2(7p2) by using the list of Fano bundles, Theorem 14.11 

If X has two (4, 3)-type contraction then p(X) = 2 and there is a rank 2 vector bundle £ 
on a smooth Fano threefold Z with p(Z) = 1 such that X is isomorphic to ir : ¥z{£) — > Z. 
By the surjection of vector bundle A 2 7x — > vr*(A 2 7z) — > 0, we know that A 2 7z is nef. 
Since = 1, we have Z is either P 3 , Q 3 or del Pezzo threefold of degree^ 2 with 

p(Z) = 1 from Theorem 10.11 and theorem 13.21 If Z is a del Pezzo threefold of degree^ 2 
with p(Z) = 1, then by theorem 12.281 we have X = Z x P 1 . We put the first projection 
p : X — > Z and the second projection q : X — > P 1 . Then we have 

A 2 Tx = p*(A 2 T z ) © (p*T z © g*T P i). 

From this we have the nefness of Tz and this is a contradiction. Therefore Z is either 
P 3 or Q3. In this case X is isomorphic to the projectivization of null correlation bundle 
P(JV) by the list of Fano bundles stated in Theorem 14.31 and Theorem 14.41 □ 

Theorem 2.28 ([2], Proposition 1.2). Let X be a Fano manifold of p(X) = 1, E a rank 
r vector bundle on X and V C ifom(P 1 ,X) an unsplit family of rational curves whose 
locus is the whole X. Suppose that there exists an integer a such that for any f G V we 
have f*£ = Ox(a)® r . Then there exists a line bundle C over X such that degf*C = a 
and£ = C® r . 

3. Varieties with nef tangent bundle 
In this section we list results about varieties whose tangent bundles are nef. 
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3.1. Surfaces with Tx nef. 

Theorem 3.1 ([6], Theorem3.1). Let X be a smooth projective surface and assume Tx 
to be nef. Then X is minimal and exactly one of the surfaces in the following list. 

(1) X = P 2 . 

(2) X = P 1 x P 1 . 

(3) X = P(£), £ a semistable rank 2-vector bundle on an elliptic curve C . 

(4) X is abelian surface. 

(5) X is hyperelliptic. 

3.2. 3-folds with Tx nef. 

Theorem 3.2 ([6], Theorem 6.1 and Theorem 10.1). Let X be a smooth projective three- 
fold and assume Tx to be nef. Then some Stale covering X of X belong to the following 
list. 

(1) P 3 . 

(2) 3-dimensional smooth quadric Q3. 

(3) P 1 x P 2 . 

(4) P(T P2 ). 

(5) P 1 x P 1 x P 1 . 

(6) X = F(£) for a flat rank 3-vector bundle on an elliptic curve C . 

(7) X = P(J-") x c P(J r/ ) for flat rank 2-vector bundles T and T' over an elliptic curve 
C. 

(8) X = F(S) for a flat rank 2-vector bundle £ on an abelian surface. 

(9) X is an abelian threefold. 

3.3. 4-folds with Tx nef. 

Theorem 3.3 Q8J, Theorem 3.1, [16] Main Theorem and [10] Theorem 4.2). Let X be 
a smooth 4-fold with Tx nef. Then some etale covering X of X belong to the following 
list. 

(1) P 4 . 

(2) 4-dimensional smooth quadric Q4. 

(3) P 3 x P 1 . 

(4) Q3XP 1 . 

(5) P 2 x P 2 . 

(6) P 1 x P 1 x P 2 . 

(7) P(7i>2) x P 1 . 

(8) P 1 x P 1 x P 1 x P 1 . 

(9) P(£) with a null correlation bundle £ on P 3 . 

(10) a Q3- or a flat P 3 -bundle over an elliptic curve C . 
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(11) a flat P 2 -bundle over a ruled surface Y over an elliptic curve with Ty nef. 

(12) a flat F 1 -bundle over a flat P 2 - or P 1 x F 1 -bundle over an elliptic curve with Ty 
nef. 

(13) X = P(£) for a flat rank 3-vector bundle £ on an abelian surface. 

(14) X = P(J-") x j 4P(J 7 ') for flat rank 2-vector bundles T and J 7 ' over an abelian surface 
A. 

(15) X = P(£) for a flat rank 2-vector bundle £ on an abelian 3-fold. 

(16) abelian 4-fold. 

4. Fano bundle 

In this section we collect results about Fano bundles (i.e. vector bundles whose projec- 
tivization are Fano) used in the proof of main theorem. 

Theorem 4.1 ([19J, Theorem). £ be a rank 2 Fano bundle on P 2 . Then £ is isomorphic 
to one of the following up to twist by some line bundle: 

(1) O p2 (l)00 p2 (-1) 

(2) O p2 (l)0O p2 

(3) O p2 ©O p2 

(4) r P2 

(5) — > Of>2 — > £ — > T x — > where T x is the ideal sheaf of a point 

(6) stable bundle with c\ = 0, Ci = 2 

(7) stable bundle with C\ = 0, Ci = 3 and £(1) is spanned 

Theorem 4.2 ([20], Theorem). Let £ be a rank 3 Fano bundle on P 2 . Then £ is 
isomorphic to one of the following up to twist by some line bundle: 

(i) 

(2) O P2 (1)0O 2 2 

(3) r P2 (-i)0o P2 

(4) P2 (2)©0 2 2 

(5) O 2 2 (1)0O P2 

(6) r P2 (-i)eo p2 (i) 

(7) Of.2 0<?2 where £ 2 is in — >• (9 p2 — > £%{— 1) —> X x — > 0, T x is the ideal sheaf of a 
point 

(8) a bundle fitting into ->■ C p2 (— 1) ->■ C p2 -> ^ -> 

(9) a bundle fitting into ->■ C p2 (-2) ->■ Op 2 -> £ -> 

Theorem 4.3 ([2T], Theorem 2.1). Let £ be a rank 2 Fano bundle on P 3 . Then £ is 
isomorphic to one of the following up to twist by some line bundle: 

(1) O P 3 0O P 3 

(2) e> p3 0<D p3 (-i) 
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(3) O P 3(-1)0O P3 (1) 

(4) p3 (-2)eOp3(l) 

(5) the null- correlation bundle M 

Theorem 4.4 ([22], Theorem). Let £ be a rank 2 Fano bundle on Q%. Then £ is 
isomorphic to one of the following up to twist by some line bundle: 

(1) o Qa ®o Q:i (-i) 

(2) spinor bundle 

(3) Qz Qs 

(4) Og,(-l) 000,(1) 

(5) stable bundle with c\ = 0, c 2 = 2 
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